We discover an intrinsic superspin Hall current: an injected charge supercurrent in a Josephson junction containing heavy normal metals and a ferromagnet generates a transverse spin supercurrent. There is no accompanying dissipation of energy, in contrast to the conventional spin Hall effect. The physical origin of the effect is an antisymmetric spin density induced among transverse modes ky near the interface of the superconductor arising due to the coexistence of p-wave and conventional s-wave superconducting correlations with a belonging phase mismatch. Our predictions can be tested in hybrid structures including thin heavy metal layers combined with strong ferromagnets and ordinary s-wave superconductors.
I. INTRODUCTION
By combining materials with different properties at the quantum mechanical level into hybrid structures, new physics emerges which often cannot be found in pure materials. The field of superconducting spintronics 1 is a prime example of this, where the synthesis of superconducting and magnetic correlations have been shown [3] [4] [5] to yield physical effects which are interesting both from a fundamental viewpoint and from the viewpoint of potential cryogenic applications. One actively pursued direction in this field has been the prospect of producing dissipationless currents of spin carried by spinpolarized Cooper pairs 6, 7 . The conversion of charge currents to spin currents is known to occur via the spin Hall effect [8] [9] [10] in conventional spintronics, but is accompanied by dissipation of energy due to the resistive nature of electric currents in non-superconducting structures. Here, we show that it is possible to achieve a dissipationless conversion from charge to spin supercurrents, and vice versa, using conventional superconducting materials. We discover that an injected charge supercurrent in a Josephson junction generates a pure transverse spin supercurrent which thus is time-reversal invariant. Due to the analogy with the conventional spin Hall current, we refer to this as a superspin Hall current. The microscopic origin of the superspin Hall current is a spin magnetization induced at the interface which is antisymmetric in transverse momentum k y . This magnetization is in turn caused by the induction of p-wave superconductivity coexisting with conventional spinsinglet pairing. Our predictions can be verified using hybrid structures with thin heavy metal layers combined with strong ferromagnets and ordinary s-wave superconductors (see Fig.  1 ) and open new vistas for making superconductors compatible with spintronics functionality.
II. THEORY
In order to describe physics occuring at atomic length scales and also incorporating strong spin-orbit coupling, we use the tight-binding Bogolioubov de Gennes (BdG) framework which is free from the limitations on length-scales and selfenergy magnitudes present in e.g. quasiclassical theory 11 . Our
Hamiltonian reads:
Here, t is the hopping integral, {c iσ , c † iσ } are second quantized fermion operators for site i and spin σ, n is a unit vector normal to the interface, λ i is the site-dependent spin-orbit coupling magnitude, d ij = −d ji is the nearest-neighbor vector from site i to site j, n iσ = c † iσ c iσ , σ is the Pauli matrix vector, h i is the local magnetic exchange field, µ i is the local chemical potential, and U i is the on-site attractive interaction giving rise to superconductivity. For concreteness, we consider a square lattice of size N x × N y with lattice site indices i = (i x , i y ). To demonstrate the superspin Hall current, we consider Fig. 1 which may be experimentally achieved by creating a stack of layers including one magnetic layer (e.g. Fe or Co) and two thin heavy metal layers (e.g. Pt or Au) sandwiched between two conventional superconductors (e.g. Nb or Al). The various terms in Eq. (1) exist in their respective regions in Fig. 1 . For instance, the spin-orbit coupling term λ i is only finite for lattice points inside the heavy metal regions. For brevity of notation, the lattice constant is set to a = 1 and all length scales are measured relative a whereas all energies are measured relative t. Since n is the interface normal (n =x) the Hamiltonian above is Hermitian without any requirement of symmetrization. To simplify the calculations, we assume periodic boundary conditions in theŷ-direction, as is common practice [12] [13] [14] . While this represents an approximation to the geometries considered, it will still allow us to determine the presence of transverse currents. Eq. (1) may now be diagonalized by Fourier transforming the fermion operators in theŷ-direction;
Performing a standard mean-field ansatz ∆ i = −U i c i↓ c i↑ , one arrives at the Hamiltonian
where H 0 contains the superconducting condensation energy N y i≤N x,S |∆ i | 2 /U i (which must be retained when evaluating the free energy of the system). Let i ≡ i x and j ≡ j x from now on for brevity of notation. The superconducting region is comprised of N x,S lattice points whereas the heavy metals generating interfacial Rashba spin-orbit coupling and strong ferromagnets have spatial extensions N x,HM and N x,F , respectively. The total number of lattice sites is N x = N y . Setting k ≡ k y , the basis above is
and we defined the 4 × 4 matrix:
where
andτ ± =τ 1 ± ıτ 2 . By diagonalizing the above matrix, we end up with the Hamiltonian
where the new (quasiparticle) fermion operators are related to the original ones via the relations
Here, {u, v, w, x} are elements of the matrix which diagonalizes the Hamiltonian and are numerically obtained. The diagonalized form of the Hamiltonian makes it trivial to evaluate expectation values of the type γ † nk γ nk = f (E nk /2) where f is the Fermi-Dirac distribution function.
With the eigenvectors {u, v, w, x} and eigenvalues {E nk } in hand, we can compute a number of physical quantities in the system under consideration. For instance, the order parameter takes the form
where the superscript on the sum indicates that only energy eigenvalues |E nk | < ω D should be included, and ω D is the BCS Debye cut-off frequency. The free energy reads
whereas the evaluation of charge and spin supercurrent j i and j i,S operators requires a consideration of the combined continuity and Heisenberg equation:
Here,
is the charge density operator at site i while
is the spin density operator (we omitted some constant prefactors such as the electronic charge |e|). After a Fouriertransformation, the spin density expectation value at site i reads:
Here, S ik is the momentum-resolved spin density expectation value at lattice point i which will play a prominent role in the discussion later. A spin supercurrent flowing along the interface has three polarization components and is most conveniently evaluated in the superconducting region:
For instance, the spin supercurrent polarized in thex-andŷ-direction is:
III. RESULTS
A. Superspin Hall current
We first numerically diagonalize the Hamiltonian given by Eqs. (1) and (5) ) and in panel (c), the curves are identical for σ =↑ and σ =↓. We have used the parameter set specified in the main text, considered the system in Fig. 1(a) , and set hy = 0.5, λ = 0.2, and ∆φ = 0.5π.
using the parameters
and T = 0.01. The order parameter phase is fixed at the last five lattice points in the S regions in order to model supercurrent injection via a phase difference, as is standard in the BdG lattice treatment. Fixing ∆φ = 0.5π gives an effective phase difference between the superconducting interfaces of ∆φ 0.47π due to the phase drop inside the superconductors. The following results are not qualitatively sensitive to the parameter choice above. For the above parameter set, and all other sets presented in the figures of this paper, we have checked that the superconducting state minimizes the free energy of the system.
When ∆φ = 0, a transverse spin supercurrent appears in the superconducting region as shown in Fig. 2(a) . This demonstrates the intrinsic superspin Hall current. The effect occurs even if one removes one of the heavy metal layers. The spin supercurrent predicted here does not exist in the absence of superconductivity, as also shown in Fig. 2(a) . Reversing the phase difference, ∆φ → −∆φ, and thus the charge supercurrent, also reverses the transverse spin supercurrent. Before explaining the microscopic origin of the superspin Hall current, we note that there are both odd-and even-frequency triplet correlations in the system, denoted odd-ω and even-ω from now on. The onsite (s-wave) odd-ω anomalous triplet amplitudes S are defined as
where τ is the relative time coordinate and the subscripts 0 and σ = ±1 =↑, ↓ denote the spin projection along the quantization axis. All S vanish at τ = 0. The p-wave even-ω anomalous triplet amplitudes P have both a p x and p y wave component. They are defined as
The existence of these correlations and their spatial distribution throughout the system is shown in Fig. 2 (b)-2(d), proving how they arise precisely near the interfaces between the superconductor and heavy metals where the transverse spin supercurrent flows. The triplet components of the Cooper pairs are generated from the broken spin rotational symmetry in our system whereas the p-wave orbital symmetry emerges as a result of broken translational symmetry due the presence of interfaces 16, 17 and due to the presence of spin-orbit interactions. Note how the quantities pairing amplitudes S and P are by definition k-independent. The k-resolved anomalous Green functions, which are odd under k → (−k) for e.g. pwave pairing, will be examined in the following subsection as they play an important role in understanding the appearance of a transverse spin supercurrent.
The transverse spin-supercurrent in the present system exists when the exchange field contribution h · σ to the Hamiltonian does not commute with the spin-orbit contribution λ sin(k)σ z . In effect, the superspin Hall current arises when:
This means that the exchange field must be oriented in the xyplane of the system shown in Fig. 1 . If the exchange field is oriented along the z-axis, no superspin Hall current exists.
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Momentum ky=: In this case, the coexistence of triplet and singlet correlations which are phase mismatched produce an antisymmetric spin density S ik which in turn gives rise to a finite superspin Hall current. In the line labels of the second panels from the left, we have abbreviated f triplet ikσσ ≡ fσσ. In this figure, the exchange field has been rotated to thex-direction to show that the superspin Hall current exists also in this case. In all other plots in this manuscript, the exchange field points in theŷ-direction.
The polarization of the transverse spin-supercurrent is also dictated by the orientation of the exchange field h. Comparison of Figs. 2(a) and 3(h) shows that the spin-supercurrent polarization is perpendicular to h.
B. Microscopic origin
To explain the physical origin of the superspin Hall current in the system, we first note the close relation between the spin magnetization and the spin supercurrent in the system. From Eqs. (14) and (15), the only difference between them is a factor sin(k y ) inside the summation. If the momentum-resolved spin magnetization S ik is antisymmetric in momentum k y , it will vanish when summed over the momentum index. However, due to the extra factor sin(k y ) an antisymmetric spin magnetization gives a symmetric spin supercurrent, which is thus finite upon summation over k y . The factor sin(k y ) and the resulting difference in symmetry are physically reasonable. If a spin density is antisymmetric in momentum k y , there will exist a net spin flow since the spin current requires an extra multiplication with the group velocity
for each transverse mode. On the other hand, a spin density that is symmetric in k y does not induce any spin current. An antisymmetric spin density in the momentum index k y may emerge whenever conventional superconducting singlet pairing and triplet pairing (such as p y -wave) coexists, for instance near interfaces, as we will explain below. A general superconducting order parameter F ik accounting for both singlet and triplet pairing (considering here the even-ω symmetry contribution) can be written as
where f i,s is the singlet component and f i,k = −f i,−k is a vector containing the triplet components according to
Above, we suppressed the (i, k)-indices on the triplet anomalous Green functions f ikσσ for brevity of notation and we also do so below when the index is not of importance for the argument. A non-unitary superconducting state, where the Cooper pairs have a finite spin expectation value, is defined by F F † not being proportional to the unit matrix. A straightforward calculation shows that
The term ı(f k × f * k ) determines the spin expectation value of pure triplet Cooper pairs whereas (f s f * k + f * s f k ) determines the spin-magnetization of a given mode k y resulting from the coexistence of singlet and triplet pairing. The spin magnetization arising due to the Cooper pairs in the system thus in general takes the following form for a given mode k y :
Performing a summation over modes k y , one obtains the total spin density. Therefore, it is clear that if
k } is non-zero, it will be antisymmetric in k y due to the fundamental property of the triplet vector f k . It is crucial to note that the existence of p-wave triplet pairing alone is not sufficient to produce an antisymmetric spin density in k yspace. First of all, it has to coexist with singlet pairing. But even such a scenario is not sufficient, as it is only the real part of the product f s f * k that contributes. Consider for instance the case where singlet pairing coexists with S z = 0 triplet pairing, such that f k ẑ. According to our above argumentation, this should produce a magnetization in theẑ direction. It is not immediately obvious how a magnetization in theẑ direction can arise from singlet pairs (which are spinless) and triplet pairs with zero spin projection along theẑ axis. Therefore, we provide a detailed exposition of the physical mechanism behind this effect in the Appendix.
With this in mind, we can now explain why the superspin Hall current appears. As argued above, this current will exist when an antisymmetric spin density is induced near the interface. The spin density, in turn, is determined by the generation of p-wave superconducting correlations coexisting with conventional singlet ones when these have an appropriate relative phase such that Re{f s f * k } = 0 (as explained in the Appendix). The equal spin-pairing triplet anomalous Green functions may be obtained as
where, as before, we have used the shorthand notation of k y ≡ k. We now illustrate two instructive cases in Fig.  3 . In the upper row (a-d), the phase-difference is ∆φ = 0 (no current injected) while in the lower row (e-h) the phasedifference is ∆φ = π/2 (finite current injected). In both cases, we have set h = 0.3, λ = 0.3 and h = hx. We also chose a different system size, exchange field orientation, and number of transverse modes than in the previous figures in order to show that the effect does not depend on these details: N S = 25, N N = 4, N F = 5 and N y = 200. As expected, a finite net magnetization S x exists in the upper row which comes from the inverse proximity effect caused by the magnetic region. However, there exists no net or k y -resolved magnetization S y despite the fact that the anomalous triplet correlations f triplet ikσσ ≡ f σσ are non-zero. The reason for this is that they are purely imaginary, as seen in the figure. Consequently, Re{f s f * k } = 0 since the singlet ones are purely real in the absence of a phase-gradient. Note how the figure shows that f ↑↑ = f ↓↓ , such that no antisymmetric contribution is made to the x-component according to Eq. (22) . The finite magnetization induced along the x-direction is instead caused by the odd-ω triplet component. In general, the triplet vector f can have both a symmetric term in k (the odd-ω component) and an antisymmetric term in k (the even-ω component). Only the latter contributes to the spin supercurrent in the present context, as explained above.
Consider now instead the lower row where a finite phasedifference exists. The singlet and triplet correlations are now complex because of ∆φ = 0, and as a result the ycomponent of the spin-magnetization [which exists since the term Re{f s f * k } is non-zero] is finite and antisymmetric in k y . Although no net magnetization exists in the y-direction, a net spin supercurrent now exists due to the relation between Eqs. (14) and (15) explained above. A phase-gradient is thus physically required in order to render the singlet and triplet p y -wave correlations complex: otherwise, no antisymmetric spin magnetization associated with a non-unitary superconducting state i,S on physical parameters in the system, evaluated at different lattice sites i. We have set ∆φ = 0.5π and (a) λ = 0.3 and (b) hy = 0.4. The value of the remaining parameters are the same as in Fig. 2 . An scattering potential Vint = 0.1 at each of the interfaces was also added here to show that the effect is resilient toward interfacial scattering. The current oscillates with both h and λ and eventually decays with both as these quantities increase and suppress superconductivity.
exists and the spin supercurrent is zero. This explains the origin of the superspin Hall current predicted in this manuscript.
The above explanation is consistent irrespective of the direction of the in-plane exchange field. For instance, if we instead choose h = hŷ one finds that the triplet p y -wave anomalous function is purely real at ∆φ = 0 and that f ↑↑ = −f ↓↓ . In this case, there is no contribution to theŷ-component according to Eq. (22) and although f k ·x = 0 there is still no antisymmetric spin density since Re{f s f * k } = 0. If ∆φ = 0, on the other hand, Re{f s f * k } is finite in thex-direction and a spin supercurrent polarized in this direction appears as seen in the figure.
The spatial dependence of the superspin Hall current on the phase difference, the Rashba spin-orbit interaction, and exchange field is shown in Fig 4. The effect vanishes both in the absence of superconductivity (∆φ = 0) and in the absence of a charge supercurrent (∆φ = 0), as follows from the above explanation of the physical origin of the effect. We also find that the magnitude of the transverse current j int,x i,S evaluated at the superconducting interface (i = N S ≡ N x,S ) oscillates with both the Rashba strength and the magnitude of the exchange field for the parameter regimes we have investigated, as shown in Fig. 5 . The effect is also purely sinusoidal as a function of the superconducting phase difference ∆φ (not shown). The oscillations could stem from the change in kspace band structure to the inverse proximity effect near the interface as one varies the magnitude of h and λ, as the detailed k-dependence of the spin magnetization (and thus in turn magnitude of the spin supercurrent after summation over k) will be affected by the details of the band structure.
The atomic-scale superimposed oscillations are characteristic for physical quantities in ballistic quantum mechanical systems and are also present in e.g. the proximity-induced magnetization in conventional superconductors 15 and helical edge-mode currents in triplet superconductors 14 . It should be noted, however, that the oscillation period of the spin supercurrent here depends on the system parameters. This is shown in Fig. 6 where it is clear that the oscillation period is altered by changing the magnitude of the Rashba parameter. The origin of the oscillations is likely to similar to that described in Ref. 14, namely due to an interplay between the renormalized spectral weight in the superconductor due to the inverse proximity effect and how the p-wave superconducting correlations decay as a result.
IV. CONCLUDING REMARKS
Previous theoretical work has considered spin accumulation from spin Hall effects in superconducting structures [18] [19] [20] [21] [22] [23] and a recent experimental work 24 demonstrated an enhancement of the inverse spin Hall signal 10 in a superconductor by three orders of magnitude. A similar edge spin magnetization might occur from the superspin Hall current predicted in this work. Although the interface between a superconductor and a ferromagnet breaks inversion symmetry on its own, the purpose of the HM layers is to enhance the magnitude of the resulting Rashba interaction. A transverse spin current induced by a charge supercurrent was also considered in Ref. 25 It is worth remarking that in comparison to the typical spin Hall phenomenology, where an injected current in the x-direction is deflected in the y-direction and polarized in the z-direction, the spin supercurrent here is not polarized perpendicularly to the plane defined by its injection and deflection direction. However, similarly to the conventional spin Hall phenomenology, the spin supercurrent arises as a direct consequence of Cooper pairs that are polarized in the z-direction. The details regarding how S z = ±1 Cooper pairs give rise to a spin supercurrent polarized in the xy-plane have been covered in detail in the main body of this manuscript.
Interesting future directions to explore include the precise circulation pattern of the superspin Hall current predicted herein in a finite-width sample and the possible accompanying edge spin accumulation due to triplet Cooper pairs.
Hamiltonian reads
where we used a basis φ k = (c k↑ , c k↓ , c † −k↑ , c † −k↓ ) T and defined
The four eigenvalues are given as {E + , E − , −E + , −E − }, where
Performing a standard diagonalization of the Hamiltonian by introducing a new quasiparticle basis
where γ ik are second-quantized fermion operators, one arrives at
The relation between the original fermion operators c and the new ones γ is
where P k is the diagonalizing matrix containing the eigenvectors of the original Hamiltonian
and we defined the auxiliary quantity
Now, the magnetization of the system in theẑ-direction is computed according to Eq. (14):
To see how this magnetization is directly influenced by the coexistence of singlet and triplet pairs in the system, we replace the original fermion operators in Eq. (A9) with the new ones according to Eq. (A6). Considering for simplicity the T = 0 limit, one arrives at
At this point, we distinguish between unitary and non-unitary states. In the unitary case, we have Re{∆ s ∆ * k } = 0 so that E k+ = E k− : the magnitude of both gaps ∆ ± = ∆ k ± ∆ s is equal. Moreover, it follows from Eq. (A8) that in the unitary case one has |g + (x)| = |g − (x)|. Combining these two facts, it follows that the term inside the summation k in Eq. (A10) is zero for any k-value. In effect, there is no magnetization at any k-point and obviously no net magnetization either.
Consider now instead a non-unitary state where Re{∆ s ∆ * k } = 0. In this case, the magnitudes of the gaps ∆ ± are different. Now, the term inside the summation of Eq. (A10) is no longer zero for a given k-point. In effect, there exists a k-resolved magnetization. The total magnetization, obtained after a summation over k, is nevertheless zero even in the non-unitary case. This can be verified by splitting the sum in Eq. (A10) into k > 0 and k < 0 (the contribution from k = 0 vanishes) and using the general relation E k,+ = E −k,− .
The above derivation establishes mathematically why a kresolved, antisymmetric spin magnetization exists when singlet and p-wave triplet pairing coexists in a non-unitary state, precisely as in the system considered in the main body of this manuscript. The physical picture can be understood by going back to the fact that there exists two gaps with different magnitude in the system. It is well-known that the superconducting order parameter (gap) determines the condensation energy and binding energy between the electrons comprising the Cooper pairs. In particular, the Cooper pair density is proportional to the square of the magnitude of the gap. The point here is that Cooper pairing between two electron states |k, ↑ and | − k, ↓ are associated with a gap magnitude |∆ k + ∆ s | ≡ |∆ + | whereas pairing between two electron states |k, ↓ and | − k, ↑ are associated with a different gap magnitude |∆ k − ∆ s | ≡ |∆ − |. This can be seen directly from the Hamiltonian which contains the terms c † k↑ c † −k↓ ∆ + and c † k↓ c † −k↑ ∆ − . Now, if |∆ + | > |∆ − | for a given k-value it is clear that the system will favor Cooper pairs where the ↑-electron of the pair sits at k whereas the ↓-electron sits at −k, since the Cooper pair state where the ↑-electron sits at −k and the ↓-electron sits at k has a smaller binding energy. Therefore, a net spin magnetization arises at k since there exists a surplus of ↑-spins there compared to ↓-spins due to the difference in Cooper pair density stemming from the different gap magnitudes. Simultaneously, the opposite magnetization arises at −k since at that momentum the situation is reversed: |∆ − | is larger than |∆ + | at −k.
In this way, the different magnitudes of the two gaps in a system where singlet pairing coexists with S z = 0 triplet pairing in a non-unitary state cause the Cooper pairs to provide a k-resolved magnetization in theẑ-direction despite the fact that the net Cooper pair spin in theẑ-direction is zero.
